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e Status

* Quantum 1llumination theory
- OPA(optical parametric amplifier)
- FF-SFG receiver
- Performance : ROC
* Calculation Gaussian quantum 1llumination
- Normal mode decomposition of Gaussian states
- Reconstruction Classical illumination (for the Coherent state transmitter)

- Reconstruction of Quantum illumination (for the TMSV transmitter)
* Results
* Discussion & Further research
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Calculate Gaussian QI

= Quantum illumination theory

- Practical receiver for quantum illumination
- The ultimate receiver: the FF-SFG receiver
- Performances: ROC for quantum illumination

- Crticalities and limitations

= Experiments on quantum illumination
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Recall : Quantum illumination

* Quantum 1llumination

: Quantum target detection protocol

case | decision real

Thermal light
signal 0 reflected 2 H, H, false alarm error
Quantum light / \ 3 H, H, correct
4

(Entangled) dler Receiver

H, Hy miss error

Choose E; (i = 0,1) that minimize P, = wytr(E;py) + wotr(E{p;)

1= tr|w;p1®M — wepe®|

P, = : Helstrom bound
2
1 1 Eop = —logltr(\/pov/p1)] : Quantum Bhattachayya error exponent
P, <= e MSoc < — p—MSqB |
2 - 2 Soc = — log[ming<g<;tr(pg®pt~%)] : Quantum Chernoff error exponent
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Practical receiver

* OPA(optical parametric amplifier)

d
return (k)
k) — —_—
OPA
idler G=14¢2 amp idler
e amd Y e
C(k)

k k
b =VGa,® + VG —Tagt" dyy = V6ar® + VG —1a,""

Ny, = (0o o)

Ny = GNg + (G —1)(1 + Np) _8: — QI Optimal receiver
N; = GNs + (G — 1)(1 + Ng + kNg) + 24/ G(G — 1)y/kNg(Ng + 1) | — CIOptimal receiver
1 _10L — QI OPA receiver ]
P Up = 50 55 60 65 10
eOPA QB \/(1 +N1)(1 +NO) _\/m LOgloM
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Practical receiver

e FF-SFG receiver

SFG(sum frequency generation)

FF-SFG(k-th cycle)

Ws (kS) \

Non-linear

device

wl (kl) /

Wwp = (1)5+(l)1
(kp = ks + kp)

FF(feed-forward) circuit

FF I
Measurements

(k) Measuresnent FF ,

vacuum

Measur?cment FF

Ny

= Saturate the Chernoff bound
= Unit efficiency at single pair level
= |0) (H, is true), |[NgkM /Ng) (H, is true)
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Performance : ROC

* ROC for quantum 1llumination

Neyman-Pearson hypothesis testmg | YW 0 _

—103 |

Pr = tr(E1po) = a (fixed) Pu = tr(Eopy) ztll?)_z _'

= Pp =1—Py =tr((I — Eg)p;) = tr(E;pq) ;;0'10017_2 :

po = [YoXWPol p1 = [Y1){1] (pure states) |

Py :{(\/PF(l_h)-l_\/(l_PF)h)z 0<Pr=1-h | | — QI optimal receiver |

1 1-h<P-<1 0.2 — QI OPA receiver

* QI with the FF-SFG receiver of — (TOptimal receiver |
o (BB +JA—PR)? 0<Pesi-h 0 02 0.4PF 06 08 10

1 1-h<P-<1

h=1—exp(—N;kM/Ng)
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Normal mode decomposition of Gaussian states

* Normal mode decomposition of Gaussian states (X, S, {vy})

Every Covariance matrix V exists a symplectic matrix S

V=S[@®r, vil]ST & p=Uzs[®k10i)]U'5s

\ J : Normal mode decomposition of the Gaussian state
_ (Vi) j

/ Y1 \ v — 1\ . : Thermal state
v 1AVl
1 . Vk +1 Vi +1

h Two basic fubciions

\ V"V/ A()_(x+1)5+(x—1)5

o TG - @ - 1)
(symplectic diagonalization) 25

(v1,+++, v+ sympletic spectrum G500 = e s
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Normal mode decomposition of Gaussian states

* Consider two arbitrary n-mode Gaussian state p, and pg
with a normal mode decompositions (X, Sa, {ax}) and (Xg, Sg, {Lx})

_ 1
Qs = Tr(ps°pp' %) & Q5= QSeXp{—EdT[VA(s) + V(1 —s)]71d}

0, =2"| [6:(@61-s(B0) /VaetlVa(s) + V(1 = 5)]
k=1

Vao(s) = Su] 7,}=1 As(ak)lk](SA)T P(N)QC = — [infy<s<q QS](N) - Chernoff bound

1
2
1
VB(l —s) = Sg [@Z=1 A1—s(.3k)lk](SB)T P(N)QB = E 10 = 1/2](N) : Bhattacharyya bound
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Reconstruction of Classical illumination

 Calculate Bhattacharyya bound (for the Coherent-state transmitter)

Mean vector
Xo =(0,0) x; = (ykNs,0)

Symplectic matrix

so=sl=((1) 2)

Symplectic spectra (eigenvalue)
V1 = B = ZNB + 1

Covariance matrix
__10A(v1)0)1o
VO_Vl_(o 1)( 0 A(vy) (o 1)

2023.12.14.

GIX_] :=2rs/((X+1)As-(x-1)"s); A[X_] :=((x+1)"s+ (x-l)"s)/((x+1)"s-(x-l)"s);

1= v=(2%*Nb+1); S =IdentityMatrix[2]; s=1/2;

X0={0, 0};3 X1 ={(2(xxNs)*(1/2)), 0}; d = X0 -X1}

VO = S.DiagonalMatrix[{A[v], A[v]}].S; V1 = S.DiagonalMatrix[{A[v], A[v]}].S;

Qsbar = (2 » G[v]* 2)/ (Det[VO + V1] A (1/2);

Qs = Qsbar « Exp[(-1/2)*d.Inverse[VO + V1].d];
Qs // FullSimplify

PM_]:=(1/2)x(Qs)*"M

P[M] # FullSimplify

e(-l-z Nb+2 +/Nb ~/1+Nb ) Ns &

(VNb - VI+Nb)? \/1+8Nb+8Nb2+4 v/Nb vI+Nb +8Nb*2 v/1+Nb

1
2

e(—l—Z Nb+2 ~/Nb VTNb) Ns k

(VNb - '\/1+Nb)2 \J1+8Nb+8Nb2+4 +/Nb \/1+Nb +8Nb3>

A/1+Nb ]

Analytic expression for Bhattacharyya bound

Pr(e)CS < ¢ MrNs( /[Ng+1—./Ng 2/2
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Reconstruction of Classical illumination

 Calculate Bhattacharyya bound (for the Coherent-state transmitter)

Upper bounds on the target-detection error probabilities for coherent state

info]:- Nb = 20; Ns = ©.01; x = ©.01;
P[M]; _
Plot[{P[M]}, {M, 10~5, 10~7}, ScalingFunctions » {"Logle", "Logle"}, 1071 -
Frame - True, PlotLegends - {"Coherent state"}] F
Plot[{P[M], (1/2) *Exp[-M*x*Ns* ((Nb+1)~(1/2) - (Nb)~(1/2))"2]},| |102-

{M, 18”75, 16~7}, ScalingFunctions » {"Logl@", "Logle"}, i

100 -

—— Coherent state

Frame -» True, PlotLegends - {"Coherent state”, "Tan et al."}] 1073 :
Tan et al.
out[11]= L
T -4 |
10”; 10
101 107 ¢
102 105 ' \ l5ll'lls \ J lJa‘J”I:*
: 1x10 5x10 1x10 5% 10 1x10
10-3; —— Coherent state

= Nz = 20,k = 0.01, N, = 0.01
= Coincide with the Chernoff bounds

1 Il 1 1 1 L 1 | 1 L I 1 L 1 M |
1x10% 5x10° 1x108 5x10°% 1x107
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Reconstruction of Quantum 1llumination

* Calculate Bhattacharyya bound (for the TMSV transmitter)

Mean vector X, = X; = (0,0,0,0) Covariance matrix
Symplectic matrix Ave,) 0 0 0
100 0 s | 0 Alw) 0 0 |gr
SO — Sl — 02
00 1 0 X_ X,
00 0 1 | 0 0 0 Alve,)
Xy 0 A+SiJ(A+S)2—4KCq2 A(v1 ) 0 0 0
o= (g ) % : 1
X+ | 2\[(A+5)2—4ch v 0 A(V11) 0 0 o7
. _ 1= 91 1
Symplectic spectra (eigenvalue) 0 0 Avy,) 0
0 0 0 Alvy,)

V01=B=2NB+1,V02=S=2N5+1

Vi, = % [(—1)"(5 —A) + \/(A +5)2 — 4;ccq2] (k=1,2)
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Reconstruction of Quantum 1llumination

* Calculate Bhattacharyya bound (for the TMSV transmitter)

s =1/2;

S=2xNs+1; B=2+*Nb+1; A=2+x*Ns+B; Cq=2+5qrt[Ns+ (Ns+1})];
G[x_] :=2"s/ {(x+1)*s- (x-1)"s);

Alx ] = ((x+1)*s+ (x-1)"s) / ((x+1)"*s- (x-1)"s);

Xplus = SQrt[(A+S+SqQrt[(A+S5S)"2-4xx+Cq~2]) / (2+SqQrt[(A + S)*2- 4xx*Cq"2])];
Xminus = SQrt[(A+S-Sqrt[(A+S)*2-4xx+Cq~2]) / (2+SqQrt[(A+S)"2-4+x+Cq*2])];

V = IdentityMatrix[4];
U= {{Xplus, @, Xminus, ©}, {@, Xplus, ®, —-Xminus},
{¥minus, ®, Xplus, 8}, {®, - Xminus, @, Xplus}};
vl =B; v2 =5; (+under HO=)
v3=(1/2) % ((A-S) +Sqrt[(A+S)*2-4+x+ (Cq)~2]);
v = (1/2) % ((S-A) +Sqrt[(A+5S)*2-4%x* (Cq) ~2]); (vunder Hlx)
Ve = V.DiagonalMatrix[{A[v1], A[v1], A[v2], A[v2]}].V;
V1 = U.DiagonalMatrix[{A[v3], A[¥3], A[v4], A[v4]}].Transpose[U];
Qs =44+ (G[v1l] *G[v3] *G[v2] «+ G[v4]) / Sqrt[Det[Ve +V1]];
P[M_]:=(1/2) % (Qs)"M
P[M];

16/ ‘(-\E Nb + 2 +2Nb) (-2 Ns + v2+2Ns)

{ I[ 1
|_\J‘|_1+_ (—2Nb+2Ns—2NSK+1J'—16Ns (1+Ns) K+ (2+2Nb+2Ns+2Nsx}2] +
\ 2

[ 1 .
14 = [-2Nb+2Ns-2Nsx+ \/-16Ns (1 +Ns) x + (2+2Nb+2Ns+2Nsx}2)

Vo2

{ 1
|7 .{71+— (2Nb—2Ns+2Nsx+«f—16Ns (1L+Ns) x+ (2+2Nb+2Ns+2N5K}2] +
2

-

1
,/1+— [2Nb—2Ns+2Nsx+ \/-16Ns (1+Ns) x + (2+2Nb+2Ns+2N5x}2)

Vo2 . J

A

1/ ‘(—\5%+«;2+2Nb) (—VEV"E+\,'2+2NS)

f

2-1+4M

\

f ) 1
‘-\/-1+— (-2Nb+2Ns - 2Ns x+ /- 16Ns (1+Ns) x+ {2+2Nb+2Ns+2NSK)2] +
| 2
[ 1
\/1+— (—2Nb+2Ns—2Nsx+ \/-16 Ns (1 +Ns) x + (2+2Nb+2Ns+2Nsx}2] |
2 )

§

= Unable to obtain an analytic expression of compact form (too long)

= Fail to simplify (exceed the time limit 300s)

2023.12.14.
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Reconstruction of Quantum 1llumination

* Calculate Bhattacharyya bound (for the TMSV transmitter)

Upper bounds on the target-detection error probabilities for TMSV

1074 -
107° -

10—14 :

1x10°

1 | 1
5x10°

L I
1x10°

L | 1
5x10°

T
1x107

— TMSV

10-14 -

111111

1 — Tan et al.

2023.12.14.

Pr(e)gr = e M«<Ns/Ns /2

k< 1,Ng <1,Ng>» 1
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* Quantum advantage becomes less and less important when increasing N,

Upper bounds on the target-detection error probabilities for TMSV

10 ‘ - __
10-5_— _ | — CS Chernoff bound
I Quantum advantage 1 . _ \ QI Bhattacharyya bound
107 { 105} -
0*" | Ng = 20,k = 0.01, N5 = 0.01 '_ Ng = 20,k = 0.01, Ng = 1 |
12107 | 0 1x10° | T k100 1x107 1000 | 5000 1x10° | e 1xig8

= Show the clear quantum advantage in the Ng << 1
« Quantum advantage 1s significantly depleted in the Ng¢ = 1
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* Target-detection error probabilities according to s (optimization over s)

Upper bounds on the P, for the CI Upper bounds on the P, for the QI
;‘ ! ' T T ! ' ! LI L ! ' T ! AL
107t -
i — 5=0.1 — 5=0.1
s=0.3 s=0.3
10_2f — 5=0.5 — 5=0.5
— 5=0.7 — 5=0.7
1072 — 5=0.9 — 5=0.9
5320~ | Ny = 20,k = 0.01,Ns = 0.01 Ng = 20,k = 0.01, Ng = 0.01
1x l_|_05 | | ‘5 x ;_05 | ‘1 x 108 | | I5 x I:|_05 | ‘]_Ix 107 1x ;LDS | ‘5 x 10!-; | ‘llx ‘106 | 5x ‘106 | ‘1 x 1;.)7

= Symmetrical with respect to s = 0.5
= Lowest target-detection error probability at s = 0.5
« However, Chernoff bound # Bhattacharyya bound in the QI (for the TMSV transmitter)
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Discussion & Further research

* Reconstruction of Classical illumination
- Find more simplified analytic expression by using approximation (x « 1,Ns < 1, Nz > 1)

- Check to have Chernoff bound at s = 0.5 by numerical method
(implement Mathematica code)

* Reconstruction of Quantum illumination
- Find analytic solution of compact form by using approximation (x « 1,Ns < 1, Nz > 1)

- Calculate quantum Chernoff bound by optimization over s

* Further research
 Calculate target detection error probability for other Gaussian states
e Calculate ROC for the coherent-state transmitter, TMSV transmitter
* Implement i1llumination protocol using practical receiver (OPA, SS-SFG)
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Thank you for your attention!
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