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▪ Quantum illumination theory

- Practical receiver for quantum illumination

- The ultimate receiver: the FF-SFG receiver

- Performances: ROC for quantum illumination

- Criticalities and limitations

▪ Experiments on quantum illumination

▪ Calculate Gaussian QI

- Coherent state, TMSV

- QCB, QBB
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Recall : Quantum illumination
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• Quantum illumination

case decision real

1 𝐻0 𝐻0 correct

2 𝐻1 𝐻0 false alarm error

3 𝐻1 𝐻1 correct

4 𝐻0 𝐻1 miss error

Choose 𝐸𝑖 𝑖 = 0,1  that minimize 𝑃𝑒 = 𝜔0tr 𝐸1𝜌0 + 𝜔0tr(𝐸1𝜌1)

𝑃𝑒 ≤
1

2
𝑒−𝑀𝜉𝑄𝐶 ≤

1

2
𝑒−𝑀𝜉𝑄𝐵

𝜉𝑄𝐶 = − log min0≤𝛼≤1tr 𝜌0
𝛼𝜌1

1−𝛼

𝜉𝑄𝐵 = − log tr 𝜌0 𝜌1

𝑃𝑒 =
1 − 𝑡𝑟 𝜔1𝜌1

⊗𝑀 − 𝜔0𝜌0
⊗𝑀

2
: Helstrom bound 

: Quantum target detection protocol

: Quantum Chernoff error exponent

: Quantum Bhattachayya error exponent



Ƹ𝑐(𝑘) = 𝐺 ො𝑎𝐼
(𝑘) + 𝐺 − 1 ො𝑎𝑅

†(𝑘)

𝑁𝑘 = Ƹ𝑐(𝑘)
† Ƹ𝑐(𝑘)

𝑁0 = 𝐺𝑁𝑆 + (𝐺 − 1)(1 + 𝑁𝐵)

𝑁1 = 𝐺𝑁𝑆 + 𝐺 − 1 1 + 𝑁𝐵 + 𝜅𝑁𝑆 + 2 𝐺(𝐺 − 1) 𝜅𝑁𝑆(𝑁𝑆 + 1)

መ𝑑(𝑘) = 𝐺 ො𝑎𝑅
(𝑘) + 𝐺 − 1 ො𝑎𝐼

†(𝑘)

Practical receiver
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• OPA(optical parametric amplifier)

𝑃𝑒,𝑂𝑃𝐴 ≤
1

2
𝑄𝐵

𝑀 𝑄𝐵 =
1

1 + 𝑁1 1 + 𝑁0 − 𝑁0𝑁1



Practical receiver
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• FF-SFG receiver

SFG(sum frequency generation)

FF(feed-forward) circuit

FF-SFG(𝑘-th cycle)

▪ Saturate the Chernoff bound

▪ Unit efficiency at single pair level

▪ | ۧ0  (𝐻0 is true), | ۧ𝑁𝑠𝜅𝑀/𝑁𝐵  (𝐻1 is true)



Performance : ROC
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• ROC for quantum illumination

𝑃𝐷 = ቊ( 𝑃𝐹 1 − ℎ + 1 − 𝑃𝐹 ℎ)2

1

ℎ = 1 − exp( Τ−𝑁𝑠𝜅𝑀 𝑁𝐵)

1 − ℎ ≤ 𝑃𝐹 ≤ 1

0 ≤ 𝑃𝐹 ≤ 1 − ℎ

• QI with the FF-SFG receiver

Neyman-Pearson hypothesis testing

𝑃𝑀 = tr(𝐸0𝜌1)𝑃𝐹 = tr 𝐸1𝜌0 = 𝛼 (fixed)

⇒ 𝑃𝐷 = 1 − 𝑃𝑀 = tr (𝕀 − 𝐸0)𝜌1 = tr 𝐸1𝜌1

𝜌0 = ۧ|𝜓0 |𝜓0ۦ 𝜌1 = ۧ|𝜓1 𝜓1| (pure states)ۦ

𝑃𝐷 = ቊ( 𝑃𝐹 1 − ℎ + 1 − 𝑃𝐹 ℎ)2

1 1 − ℎ ≤ 𝑃𝐹 ≤ 1

0 ≤ 𝑃𝐹 ≤ 1 − ℎ



• Normal mode decomposition of Gaussian states (𝐱, 𝐒, {𝜈𝑘})

𝐺𝑠 𝑥 =
2𝑠

(𝑥 + 1)𝑠 − (𝑥 − 1)𝑠

Λ𝑠 𝑥 =
(𝑥 + 1)𝑠 + (𝑥 − 1)𝑠

(𝑥 + 1)𝑠 − (𝑥 − 1)𝑠

Two basic functions

Every Covariance matrix 𝐕 exists a symplectic matrix 𝐒 

𝐕 = 𝐒[⊕𝑘=1
𝑛 𝜈𝑘𝐈𝑘]𝐒𝑇

𝜈1, ⋯ , 𝜈𝑛  : sympletic spectrum

⟷ 𝜌 = ෡𝑈𝐱,𝐒 [⊗𝑘=1
𝑛 𝜎 𝜈𝑘 ] ෡𝑈†

𝐱,𝐒

𝜎 𝜈𝑘

=
2

𝜈𝑘 + 1
෍

𝑗=0

𝑛
𝜈𝑘 − 1

𝜈𝑘 + 1

𝑗

ۧ|𝑗 𝑘ۦ𝑗|
: Thermal state

: Normal mode decomposition of the Gaussian state

Normal mode decomposition of Gaussian states
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(symplectic diagonalization)



𝑄𝑠 = 𝑄𝑠exp{−
1

2
𝐝𝑇[𝐕A 𝑠  + 𝐕B 1 − 𝑠 ]−1𝐝}

𝑄𝑠 = ൘2𝑛 ෑ

𝑘=1

𝑛

𝐺𝑠(𝛼𝑘)𝐺1−𝑠(𝛽𝑘) det[𝐕A 𝑠 + 𝐕B 1 − 𝑠 ]

𝐝 = 𝐱A − 𝐱B

𝐕B 1 − 𝑠 = 𝐒B[⊕𝑘=1
𝑛 Λ1−𝑠 𝛽𝑘 𝐈𝑘](𝐒B)𝑇

𝐕A 𝑠 = 𝐒A[⊕𝑘=1
𝑛 Λ𝑠 𝛼𝑘 𝐈𝑘](𝐒A)𝑇 𝑃(𝑁)

𝑄𝐶 =
1

2
[inf0≤𝑠≤1 𝑄𝑠](𝑁)

𝑃(𝑁)
𝑄𝐵 =

1

2
[𝑄𝑠 = Τ1 2](𝑁)

𝑄𝑠 = Tr(𝜌𝐴
𝑠𝜌𝐵

1−𝑠) ⟷

: Bhattacharyya bound

: Chernoff bound

Normal mode decomposition of Gaussian states
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• Consider two arbitrary 𝑛-mode Gaussian state 𝜌𝐴 and 𝜌𝐵

with a normal mode decompositions (𝐱A, 𝐒A, {𝛼𝑘}) and (𝐱B, 𝐒B, {𝛽𝑘})



𝐒𝟎 = 𝐒𝟏 =
1 0
0 1

Symplectic matrix

𝜈1 = 𝐵 = 2𝑁𝐵 + 1

Symplectic spectra (eigenvalue)

𝑉0 = 𝑉1 =
1 0
0 1

Λ(𝜈1) 0

0 Λ(𝜈1)
1 0
0 1

Covariance matrix
Analytic expression for Bhattacharyya bound

𝐱0 = 0 , 0

Mean vector

𝐱1 = ( 𝜅𝑁𝑆 , 0)

Reconstruction of Classical illumination
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• Calculate Bhattacharyya bound (for the Coherent-state transmitter)



Upper bounds on the target-detection error probabilities for coherent state

▪ 𝑁𝐵 = 20, 𝜅 = 0.01, 𝑁𝑠 = 0.01

▪ Coincide with the Chernoff bounds

Reconstruction of Classical illumination
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• Calculate Bhattacharyya bound (for the Coherent-state transmitter)



𝐱0 = 𝐱1 = 0, 0, 0, 0Mean vector

𝐗± =
𝑥± 0

0 𝑥±

𝑥± =
𝐴 + 𝑆 ± (𝐴 + 𝑆)2−4𝜅𝐶𝑞

2

2 (𝐴 + 𝑆)2−4𝜅𝐶𝑞
2

𝐒𝟎 =

1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1

Symplectic matrix

𝐒𝟏 =
𝐗+ 𝐗−

𝐗− 𝐗+

𝜈1𝑘
=

1

2
−1 𝑘 𝑆 − 𝐴 + 𝐴 + 𝑆 2 − 4𝜅𝐶𝑞

2

𝜈01
= 𝐵 = 2𝑁𝐵 + 1, 𝜈02

= 𝑆 = 2𝑁𝑆 + 1

Symplectic spectra (eigenvalue)

(𝑘 = 1, 2)

𝑉0 = 𝐒𝟎

Λ 𝜈01
0 0 0

0 Λ 𝜈01
0 0

0 0 Λ 𝜈02
0

0 0 0 Λ 𝜈02

𝐒𝟎
𝑇

Covariance matrix

𝑉1 = 𝐒𝟏

Λ 𝜈11
0 0 0

0 Λ 𝜈11
0 0

0 0 Λ 𝜈12
0

0 0 0 Λ 𝜈12

𝐒𝟏
𝑇

Reconstruction of Quantum illumination
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• Calculate Bhattacharyya bound (for the TMSV transmitter)



▪ Unable to obtain an analytic expression of compact form (too long)

▪ Fail to simplify (exceed the time limit 300s)

⋮

⋮

Reconstruction of Quantum illumination
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• Calculate Bhattacharyya bound (for the TMSV transmitter)



𝜅 ≪ 1, 𝑁𝑆 ≪ 1, 𝑁𝐵 ≫ 1

Upper bounds on the target-detection error probabilities for TMSV

Reconstruction of Quantum illumination
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• Calculate Bhattacharyya bound (for the TMSV transmitter)



▪ Show the clear quantum advantage in the 𝑁𝑆 ≪ 1

▪ Quantum advantage is significantly depleted in the 𝑁𝑆 = 1 

Results
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• Quantum advantage becomes less and less important when increasing 𝑁𝑠

Quantum advantage Quantum advantage

Upper bounds on the target-detection error probabilities for TMSV

𝑁𝐵 = 20, 𝜅 = 0.01, 𝑁𝑆 = 0.01 𝑁𝐵 = 20, 𝜅 = 0.01, 𝑁𝑆 = 1



▪ Symmetrical with respect to 𝑠 = 0.5

▪ Lowest target-detection error probability at 𝑠 = 0.5

▪ However, Chernoff bound ≠ Bhattacharyya bound in the QI (for the TMSV transmitter) 

Results
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• Target-detection error probabilities according to 𝑠 (optimization over 𝑠)

Upper bounds on the 𝑃𝑒 for the QIUpper bounds on the 𝑃𝑒 for the CI

𝑁𝐵 = 20, 𝜅 = 0.01, 𝑁𝑆 = 0.01 𝑁𝐵 = 20, 𝜅 = 0.01, 𝑁𝑆 = 0.01



Discussion & Further research
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• Reconstruction of Classical illumination

- Find more simplified analytic expression by using approximation (𝜅 ≪ 1, 𝑁𝑆 ≪ 1, 𝑁𝐵 ≫ 1)

- Check to have Chernoff bound at 𝑠 = 0.5 by numerical method

(implement Mathematica code)

• Further research

• Calculate target detection error probability for other Gaussian states

• Calculate ROC for the coherent-state transmitter, TMSV transmitter

• Implement illumination protocol using practical receiver (OPA, SS-SFG)

• Reconstruction of Quantum illumination

- Find analytic solution of compact form by using approximation (𝜅 ≪ 1, 𝑁𝑆 ≪ 1, 𝑁𝐵 ≫ 1)

- Calculate quantum Chernoff bound by optimization over 𝑠
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Thank you for your attention!
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